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Abstract—Dust particles often form vertical chains due to the 
influence of the wakefield produced by the streaming ions in the 
plasma sheath produced within an experimental dusty plasma. 
These particle chains are proving to be a unique diagnostic tool 
for investigating the physics behind the basic properties of the 
ion wakefield in the plasma sheath. In this paper, an 
experimental method is presented for investigating the wakefield 
employing a new oscillation technique designed to perturb a two-
particle vertical chain. Damped “free fall” oscillations are 
generated via an external DC bias on the lower electrode. A fast 
Fourier transformation is used to produce a spectrum of the 
oscillation data collected and a center of mass oscillation is 
identified. 
 
Index Terms—Complex (dusty) plasmas, dust particle chains, 
plasma/dust oscillations, experimental dusty plasmas 
 
I. INTRODUCTION 
ertical chains of dust particles are often seen artifacts in 
laboratory dusty plasma experiments with the formation 
of two- or three-particle chains (or longer) under typical dusty 
plasma experimental settings (Fig. 1). In most cases, the lower 
particles within the chain appear to be controlled by the 
particles above them with the formation of such chains 
currently thought to be created by the ion wakefield. Ion 
wakefields are generated by the ion focusing effect created by 
ions streaming from the plasma to the lower electrode and 
passing through the floating dust particles [1-4]. Dust chain 
formation indicates that in addition to the gravitational, 
Coulombic or Yukawa forces acting on the particles, the ion 
wakefield force also plays an important role in establishing 
overall equilibrium within dusty plasmas. Therefore, a careful 
examination of the dynamic behavior of particle dust chains 
should lead to a better understanding of the 
attractive/repulsive 
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Fig. 1 Particle chains formed in a plasma sheath. 
forces acting upon particles in dusty plasmas, particularly 
those in the vertical direction. 
The shape and magnitude of the ion wakefield (and thus the 
behavior of any dust particles within) is directly related to the 
Mach number. The Mach number is defined as the ratio of the 
relative speed of the particle to the ion acoustic speed, 
ieBs mTKc = , where Te is the electron temperature, mi is 
the mass of the ion and KB is the Boltzmann constant. 
Theoretical simulations [1] have shown that such ion 
wakefields form a potential well ‘behind’ the particle creating 
an attractive interparticle force.  Recent experimental data 
show [5] that the strength of this attractive force is dependent 
upon the vertical separation distance between the particles, 
where this separation distance is also a function of the 
difference in particle size.  
B
The above suggests that a two-particle chain provides an 
ideal mechanism for studying the ion wakefield. 
Experimentally, two-particle chains are relatively easy to 
produce under various laboratory settings and theoretically 
they have exact solutions. Therefore in this paper, a two-
particle chain is employed to investigate the ion wakefield 
effect. The necessary data is collected by creating controlled 
oscillations within a two-particle chain, measuring the 
resulting relative motion between the particles and then 
employing a Fast Fourier transformation to provide a 
spectrum of the oscillations data. 
V 
 
2
II. TWO PARTICLE CHAIN SYSTEM 
The governing equations of motion for a vertically aligned 
two-particle chain can be described by, 
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where for convenience, the numbers 1 and 2 are used to label 
the top and bottom particles, respectively. Thus,  are their 
vertical positions,  their resonance frequencies, 
2,1y
2,01ω 2,1β  the 
parameter related to their neutral drag coefficient, and 
describes the total interaction force between them. In this case, 
 is assumed to include all forces (Yukawa, ion wakefield, 
etc.) which are a function of the relative distance between the 
particles. 
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To solve equation (1), it is advantageous to employ both the 
center of mass and relative frames of reference, 
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where 12 mm=γ . Substitution of (2) into (1) yields, 
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Equation (3) can be rewritten as, 
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Combining the above yields, 
( ) ( )R2R1R20R0R YfYfYYY −=Ω+β+ &&&               (5b) 
γ+
ω+γω=Ω
1
2
02
2
012
0                                         (5c) 
where γ+
β+γβ=β
1
21
0  and 0Ω and are the center of mass 
resonance frequency and center of mass neutral drag 
coefficient respectively. 
0β
As can be seen above, the mass difference between two 
particles in a chain can be determined using Equation (5b) 
once the individual particle’s resonance frequency 2,01ω  and 
center of mass resonance frequency  in the relative 
reference frame has been measured. Since the right hand side 
of equation (5b), 
0Ω
21 ff − , includes the ion wakefield force 
acting on particle 2, it can also be used to examine the 
wakefield effect in greater detail as will be shown below. 
III. WAKEFIELD POTENTIAL WELL 
The wakefield potential downstream from a stationary dust 
particle can be analytically described as [1]: 
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where in the above, 1ML 2Ds −λ=  is the effective length, 
 is the dust charge, M is the Mach number, r is the 
cylindrical coordinate, and the origin along the y direction is 
assumed to be at the current position of the dust particle.  
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Fig. 2. The position of the wakefield potential well is a function of the Mach 
number. The smaller the Mach number, the closer the potential minimum is to 
the equilibrium position of the top particle. The separation between the top 
particle and the wakefield minimum is defined as Δy = xmin · λD. (In the above, 
the top particle is assumed to be located at y = 0.) 
The total interaction potential acting on the dust particle in 
addition to the sheath potential is then the sum of the 
wakefield and Yukawa potentials, .Yw φ+φ=φ  As shown in 
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Fig. 2,  has a primary minimum at wφ minD xy =λ , where 
this minimum is a function of M, .  ( )Mxx minmin =
Thus, any small displacement will create oscillations 
around this minimum where the resulting small amplitude 
vibrations within the potential well, , can be expanded as a 
Taylor series around the point 
wφ
minD xy =λ . Such expansion 
yields, 
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(Since small amplitude oscillations are assumed, terms of 
( )( )3minD xyO −λ  and above can be ignored.)  
The resulting electrical field 
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where C0 is a constant. Therefore, the interaction force 
between dust particles in the chain is given by 
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where C1 is a new constant. In the case of a second particle of 
mass m2 and charge Q2 located in this field, a perturbation 
from its equilibrium position will cause small oscillations with 
a resonance frequency of 
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where Mf is a function of M, . Therefore, if the 
value of  can be obtained experimentally, the Mach 
number of the system at the dust particle’s position can be 
derived employing equation (10). 
( )MMM ff =
wω
To evaluate the magnitude of , equation (10) must be 
re-cast in the form, 
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where , neZQ 11 = i is the ion density and  is the lower 
particle’s resonance frequency. Assuming normative dusty 
plasma experimental parameters ( , 
02ω
3
1 106Z ×=
eV03.0TK iB =  and m200D μ=λ ) yields 5nZ 3Di1 ≈πλ  and 
an oscillation frequency of f02w M2.2 ω≈ω .  
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Fig. 3. fM  as a function of the Mach number. The monotonic nature of 
the relationship allows the calculation of Mf from Equation (11) using 
experimentally determined data. Thus, the system’s Mach number can be 
derived employing the above relationship. 
Fig. 3 shows fM  as a function of M for all non-negative 
values of M. (Since Mf is negative for , no oscillations 
occur in this region).  
1M <
Rewriting equation (5b) by adding the derived wakefield 
oscillation term yields, 
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where  is the Yukawa force between the two particles. 
Equation (12) implies that the potential well created by the 
sheath and the potential well created by the wakefield overlap 
one another or are very close to doing so. Therefore, one 
necessary boundary condition for Equation (12) is that the 
lower particle must be positioned at or near the minimum of 
the wakefield potential. (It is important to reiterate that the 
balance between the Coulombic and gravitational forces will 
determine the equilibrium position in the vertical direction for 
the particle within the plasma sheath. The combined Yukawa 
and wakefield forces acting between the particles only 
produces small perturbations about this equilibrium position.)  
Fig. 4 shows two particles of different masses located within 
their individual sheath potential wells and separated by a 
distance ∆h. Ignoring the interaction forces between the 
particles, the particle separation distance ∆h can be calculated  
Yuf
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Fig. 4. Dust particles residing in individual ‘wells’ generated by the parabolic 
potential sheath and the gravitational potential. ∆h is calculated using 
Equation (13) and data provided by measurement of the individual resonance 
frequencies of the particles. 
employing [8], 
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The wakefield potential minimum as determined from 
Equation (7), is located at a distance  below the 
top particle, where x
Dminxy λ⋅=Δ
min is a function of the Mach number. (For 
example, xmin = 1.6 at M = 1.15 for the previously given 
experimental values.) Therefore, the wakefield oscillation 
frequency ωw only exists as defined by Equation (12) when 
. When the minimum in the wakefield potential is 
located a distance away from the bottom particle’s natural 
equilibrium position, i.e., , the effect of the 
wakefield in the vertical direction becomes more like that 
produced by a pure repulsive force. In this case, ω
hy Δ≈Δ
hy Δ>>Δ
w as defined 
in Equation (12) will not exist, i.e., ωw = 0.   
IV. EXPERIMENTAL PROCEDURE AND RESULTS 
The above technique was experimentally investigated 
employing the CASPER GEC rf reference cell [6]. In the 
CASPER GEC cell, a radio-frequency, capacitively coupled 
discharge is formed between two parallel-plate electrodes, 8 
cm in diameter and separated by 3 cm, with the bottom 
electrode air-cooled. The lower electrode is powered by a 
radio-frequency signal generator, while the upper electrode is 
grounded as is the chamber. The signal generator is coupled to 
the electrode through an impedance matching network and a 
variable capacitor attenuator network. Positions for melamine 
formaldehyde particles of diameter 8.9 0.09 μm were 
recorded using a CCD camera at 120 frames per second for an 
argon gas plasma held at 100 mTorr under a rf power of 5W at 
a frequency of 13.56 MHz. The CASPER plasma discharge 
apparatus is described in greater detail in [7].  
±
Particles were perturbed by raising them a distance ∆H 
above their natural equilibrium position employing an external 
DC bias provided to the lower electrode, and then released by 
removing this external bias. This process created a series of 
attenuated oscillations around their natural equilibrium 
positions. A Fourier transformation was performed on the 
resulting oscillation data in order to obtain the frequency 
distribution spectrum. This procedure was then repeated at 
various values of ∆H, both positive and negative. Fig. 5 shows 
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Fig. 5. (a) Particles undergoing damped oscillations after being released from 
a position ∆H above their natural equilibrium positions. (b) Fourier 
transformation spectra for the damped oscillation data shown in (a). 
 
both the oscillation data and corresponding Fourier 
transformation spectra where an external bias of -10V from 
the natural bias was used with an RF power of 5W and an 
argon background pressure of 100 mTorr. As can be seen, the 
Fourier transformation spectrum for the lower particle (dotted 
line) shows a prominent peak at 15 Hz co-located with the 
theoretical peak. For the upper particle two peaks can be seen, 
one at 15 Hz and a second at 18 Hz. The larger of these is also 
the theoretical resonance frequency, while the peak at 15 Hz 
represents the interaction peak resulting from the resonance 
frequency of the bottom particle.  
The above can be easily transformed from a frame showing 
only individual oscillations to one also showing relative 
oscillations, YR = (y1 – y2) − a0, as denoted in Equation (5). 
Here a0 is the equilibrium separation between the two 
particles. Fig. 6 shows the relative oscillation data and its 
corresponding Fourier transformation spectrum. (The 
frequency step size is 0.01 Hz.) Three distinct peaks which 
can be attributed to ω02, Ωtot, and ω01 respectively can now be 
seen at 15.1 Hz, 16.4 Hz, and 17.7 Hz. (These are labeled as 
1, 2, and 3 in the figure.) The theoretical fit, shown in Figure 
6, assumes the amplitude of the damped oscillation as a 
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Fig. 6. Experimental data and theoretical fit for the relative separation between 
particles as derived from the data in Fig. 5. (a) Relative oscillation amplitudes 
as a function of time. YR represents the experimental data while YRth shows a 
theoretical fit from data produced by Equation (15). (b) Fourier transformation 
of the data given in (a). 
 
of time can be written as, 
 
( ) ( )∑ ω= β−
i
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t
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Here C(t) = c0 + c1t + c2t2, c0 = 0.15, c1 = 1, c2 = 5 is an 
empirical modification factor derived from data fitting. 
Therefore, employing the experimentally measured values ω02, 
Ωtot, ω01, β1,2,3 = 6 s-1, and a01 : a02 : a03 = 1 : 0.58 : 0.58, the 
corresponding Fourier transformation spectrum can be 
determined after FFT(YRth). 
 
V. DISCUSSION 
For damped oscillation systems, the measured system 
frequency Ωtot is  
( )
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yielding 
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where this equation has two unknowns, ωw and γ. As pointed 
out earlier, for non-zero ωw the particle separation ∆h and the 
wakefield potential minimum ∆y must be comparable, ∆h ~ 
∆y. This restriction comes from the Taylor series expansion, 
where the bottom particle is assumed to be located at the 
wakefield potential minimum insuring small particle 
oscillation amplitudes. The experimentally measured average 
separation distance between the two particles examined in this 
research was 305 μm. Using ω01, ω02 and Equation (13), a 
calculated value for ∆h was determined to be ∆h = 290 μm. In 
order to calculate the minimum for the wakefield potential, the 
Mach number for the system must first be determined. 
Previous experiments have shown that ions within the sheath 
can be easily accelerated to M = 3 but become saturated when 
M ~ 4 [9]. As shown in Fig. 2, in this case the calculated 
minima for the wakefield potential are at 3λD, 6λD and 8λD for 
M = 2, 2.5, and 3 respectively, yielding ∆y values of 600, 
1200 and 1600 μm respectively. The mass ratio γ can be used 
to eliminate one unknown from Equation (16) but since the 
particle chain is formed naturally, γ is not user definable and 
must be determined experimentally or given as a range using 
data provided by the manufacturer. Particles used in this 
experiment had measured diameters (as provided by the 
manufacturer) of 8.9 ± 0.09 μm, yielding a range for γ of 1 − 
1.06. According to Equation (11) and Fig. 3, ωw increases as 
Mach number M decreases with the maximum ωw as given by 
Equation (16b) at γ = 1.  
Thus, using the experimental values previously determined 
for Ωtot, ω01, ω02, β and assuming γ = 1, the calculated value 
for ωw is approximately 0.5(2π) Hz, yielding a value of M > 3. 
This Mach number will create a wakefield potential minimum 
at about ∆y ~ 8λD, or 1600 μm. Comparison of this value with 
the measured particle separation of 305 μm and the maximum 
relative oscillation amplitude of 250 μm, the condition 
yh Δ≈Δ  is clearly not satisfied. Therefore, ωw can be 
assumed to be 0 in Equation (16). When ωw = 0, a particle 
mass ratio γ can be calculated; for this case, γ = 1.01 yielding 
a particle diameter ratio of 1.003. Assuming the top particle to 
have an average diameter of 8.90 μm, the bottom particle in 
this case must have a diameter of 8.93 μm. This value easily 
lies within the uncertainty range provided by the manufacturer 
( ± 0.09μm) and corroborates the overall method. 
The Mach number is a system parameter, it does not depend 
on the particle size. Therefore, the condition of ∆h ~ ∆y can 
be reached by adjusting the particle size difference based on 
Equation (13). For example, assuming the top particle is 8.9 
μm, under the above experiment conditions the bottom 
particle should be around 13 μm to activate the wakefield 
oscillation frequency ωw.   
 
VI. CONCLUSIONS 
It is generally accepted that the wakefield potential 
downstream from a dust particle in equilibrium within a dusty 
plasma can trap a second dust particle, forming a dust particle 
chain. This experiment shows that for a two-particle chain 
formed under these conditions, the separation distance 
between the particles is primarily determined by the sheath 
potential but that the center of mass oscillation frequency for 
the two-particle system is dependent upon either the sheath 
potential alone or the combined sheath and wakefield potential 
depending upon the conditions. When the lower particle is 
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located near the wakefield potential minimum generated by 
the top particle (< + one λD length), the center of mass 
frequency for the two-particle system is determined from the 
combined sheath and wakefield potentials. However, when the 
lower particle is located some distance away from the 
wakefield minimum (> + one λD length) the center of mass 
oscillation frequency is determined by the sheath potential 
alone. As shown above, this allows either the mass difference 
between the two particles or the system’s Mach number to be 
derived once the center of mass oscillation frequency has been 
determined.  
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